ABSTRACT. We pursue distributive laws between monads, particularly in the context of KZ-doctrines, and show that a very basic distributive law has (constructively) completely distributive lattices for its algebras. Moreover, the resulting monad is shown to be also the double dualization monad (with respect to the subobject classi er) on ordered sets.
1. Introduction 1.1. In February of 1984, at a meeting in San Juan, two of us heard Fred Linton describe the category of frames as the category of algebras for a distributive law between monads on the category of ordered sets (while at the same time he pointed out that no such result holds over the category of sets). A moment's re ection on this suggests that an analogous result must hold for the category of completely distributive lattices. It does. The distributive law in question is particularly interesting though and warrants both description and study. 1.2. Distributive laws between monads in a bicategory can lead to rather large diagrams, especially by way of the`pentagon' conditions. In RW4] it was shown that for idempotent monads (and comonads) there is a major simpli cation | one triangle su ces. In this paper the distributive law on which we focus involves a`KZ' monad and a`co-KZ' monad. Such monads (or`doctrines' as they are often called) are generalizations of idempotent monads, requiring one further categorical dimension to de ne them, so it is not too surprising that we are able to simplify the study of distributive laws between them. This we do in Section 4. We express our results for such monads on an object in an ord-catcategory, where ord denotes the 2-category of antisymmetric ordered sets.
1.3. A brief word on the level of generality may be helpful. In STR] Street de ned and studied monads on objects in an arbitrary 2-category. His results are easily extended to monads on objects in bicategories | either directly or by using the coherence theorem which states that each bicategory is biequivalent to a 2-category. It has become clear that KZ-doctrines should be studied in the context of pseudomonads on objects in a tricategory.
2 Our modi cations (3-cells) are mere inequalities and we assume that any instance of is antisymmetric. 1.4 . Section 3 is in the spirit of STR] and the results are valid in any bicategory. We add a new formulation of distributive laws that is useful when the ambient bicategory does not necessarily admit the`construction of algebras' in the terminology of STR] (or, said otherwise, Eilenberg-Moore objects are not known to exist). This formulation is frequently useful and also clari es the characterization of distributive laws in terms of Kleisli objects. (In this last connection we have in mind recent work of Pisani PIS] and Johnstone JOH] .) 1.5 . In Section 5 we introduce our`basic distributive law' r : UD -DU, where D and U underlie the`down-set' KZ-doctrine D, respectively the`up-set' co-KZ-doctrine U, on the 2-category of ordered sets. We show that this law restricts to a number of important submonads of D and U. From our results in Section 4 it follows that the basic law gives rise to the only possible distributive law in each case. In particular, leaving D unaltered and replacing U by the` nitely-generated up-set' monad we obtain Linton's distributive law which captures frames in terms of sup-lattices and meet-semi-lattices, over the 2-category of (antisymmetric) ordered sets. 1.6. In Section 6 we show that the algebras for the monad arising from our basic law are precisely the constructively completely distributive | CCD | lattices introduced in F&W] and further studied in RW1], RW2], RW3] and P&W]. The distributive law r : UD -DU has a left adjoint which is also a distributive law and its algebras are those lattices whose dual is CCD. The distinction between such lattices and CCD lattices is not apparent with respect to boolean set theory but as with other papers that deal with CCD lattices our results are intuitionistically valid. Using our techniques of Section 5 we are also able to answer an interesting question of Paul Taylor: the algebras over ordered sets for double dualization with respect to the subobject classi er are also the CCD lattices. a -(a) = (UD UDu -UDU a -DU)
KZ-Doctrines
Proof. We will just give the equations (other than monad equations and`interchange') that are relevant at each step. i) To show that ( (a)) = a, use a Dn]; ii) For ( (r)) = r, no`r' equations are needed; 6 iii) To show that (r) satis es (r) Dn], no`r' equations are needed; iv) For (r) 
We will sketch below how the U-algebra structures of 3.3 are in bijective correspondence with liftings of D to the Eilenbeg-Moore object K U . >From this point of view it is clear that the D-opalgebra structures of 3.7 are in bijective correspondence with extensions of U to the Kleisli object K D . This last observation seems to have been largely Proof. In view of the discussion above and the account in BEK], it su ces to sketch the correspondence between iii) and v); that of iv) and vi) being a dual. To give a lifting of D through K U -K is to prescribe a monad on K U whose structure commutes with that of D via K U -K, where K U -K (the forgetful functor when the 2-category is CAT) is the arrow part of the universal U-algebra
Thus to give even an arrowD :
?
is to give a U-algebra structure on K U -K D -K. Such an algebra structure when preceded by the left adjoint to K U -K (whose existence follows from the universal property of K U , see STR]) gives a U-algebra structure on DU, since the composite K -K U -K is U. It should be clear now how the required correspondence is constructed. By way of illustration of the use of iii) of 3.9 let us return to the fact stated at the end of 3.2:`If U is an idempotent monad on an object K in any 2-category then, for any monad D on K, there is at most one distributive law UD -DU'. Proof: For any X : X -K there is a U-algebra structure on X if and only if uX : X -UX is invertible, in which case it is given by (uX) ?1 . In particular this holds for X = DU. To illustrate the use of vi) we note that it would sometimes seem to be desirable to extend a monad T on set, the category of sets and functions, along set -rel, where rel is the category of sets and relations and the functor interprets a function as the relation given by its graph. However set -rel is the Kleisli opalgebra set -set P , where P is the power-set monad, so it follows that the desired extensions correspond to distributive laws TP -PT.
4. KZ-Doctrines and Distributive Laws 4.1. Proposition. For an object K in any ord-cat-category K, i) If U is either a KZ-doctrine or a co-KZ-doctrine on K and D is any monad on K then there is at most one distributive law UD -DU; ii) If D is either a KZ-doctrine or a co-KZ-doctrine on K and U is any monad on K then there is at most one distributive law UD -DU. Proof. For i) and the case in which U is co-KZ apply iii) of Theorem 3.9 and recall 2.3. The arrow DU supports a U-algebra structure (not a priori satisfying all the requirements of iii) of Theorem 3.9) if and only if uDU has a right adjoint, which in this case is the structure arrow. The other case of i) appeals to existence of left adjoints and ii) is similar except that it uses iv) of Theorem 3.9. So UX is the set of up-sets of X ordered by reverse inclusion and is naturally isomorphic to X; ] op . From this last observation it follows easily that U is the left 2-adjoint of D. For reference later, note that UD : ord -ord is simply double dualization with respect to , that is ?; ]; ], which we regard as a 2-monad on ord via the structure of the 2-adjunction. For all f : X -A in ord, we have Uf a Uf but note that it is Uf which is given by inverse image while Uf is up-closure of direct image. In the context of U we will understand uX : X -UX to be the coyoneda functor that sends x to fyjx yg. We may write "x for uX(x). Now U = (U; u) is a co-KZ-doctrine, the 2-category of algebras for which is inf, the 2-category of complete lattices, inf-preserving functors and inequalities. 5.3. The elegant notion of yoneda structure on a 2-category as de ned in S&W] has ord together with the yoneda functors dX : X -DX of 5.1 as an important example. Following S&W] rX(T ) = fT 2 UXjUdX(T) T g = fT 2 UXj(8S 2 T )(S 2 UdX(T))g = fT 2 UXj(8S 2 T )(9x 2 T)(x 2 S)g = ' fT 2 UXj(8S 2 T )(T \ S is non-empty)g: >From the last`equation' above it is clear that r : UD -DU has a left adjoint l : DU -UD which, for S 2 DUX, is given by lX(S) = fS 2 DXj(8T 2 S)(9x 2 S)(x 2 T)g = ' fS 2 DXj(8T 2 S)(T \ S is non-empty)g: It is the case that the lX also arise by consideration of the coyoneda structure on ord given by the uX : X -UX and observations dual to those in 5.3. 5.5. Proposition. The transformation r : UD -DU : ord -ord is a distributive law of U over D and the transformation l : DU -UD : ord -ord is a distributive law of D over U.
Proof. By construction of r we have r d], so by Proposition 4.4 it su ces, for the rst claim, to show that r uD Du. In other words, we must show that for all S in DX, rX("S) f"xjx 2 Sg ? . But if T is in rX("S) then for all S 0 which contain S there is an x in T \ S 0 . In particular, there is an x in T \ S and now T "x and x 2 S shows that T 2 f"xjx 2 Sg ? . The calculations for l are similar but can be shown to follow from those above by duality. 13 5.6. Remark. If we write idl for the bicategory of ordered sets, order ideals and inclusions then a down-set S of X can be regarded as an arrow S : 1 -X in idl. Similarly, an up-set T of X can be regarded as an arrow T : X -1 in idl. A composite TS : 1 -1 of such admits a comparison TS 1 1 (because 1 1 : 1 -1 is terminal in idl(1;1)). To say that (9x)(x 2 T and x 2 S), the condition which arises in the de nitions of both r and l in 5.4 is to say that TS 1 1 is an equality. is automatically satis ed for r 0 : U 0 D -DU 0 to be a distributive law. In particular take U 0 to be given by nitely-generated up-sets. These are closed with respect to nite unions and the resulting co-KZ-doctrine is well known to be that for which the algebras are meet-semi-lattices. The algebras for the composite monad DU 0 are frames. This is the law that we attributed to Linton in 1.1. In this case, l does not restrict to give an l 0 . 5.8. In RW5] there is an extended discussion of the case where D 0 is given by bounded down-sets and U 0 by non-empty up-sets. There it is shown that r 0 : U 0 D 0 -D 0 U 0 is well-de ned. We note here that in this case l 0 : D 0 U 0 -U 0 D 0 is also well-de ned.
If D 0 is given by nitely-generated down-sets and U 0 by nitely-generated up-sets then both r 0 and l 0 are well-de ned.
If D 0 is given by up-directed down-sets and U 0 by nitely-generated up-sets then r 0 is well-de ned.
We should point out here that the basic law r is sensitive to the base 2-category ord.
In particular, r does not preserve all nite joins so that it is not possible to consider the restrictions of such monads D 0 and U 0 as are under under consideration to, say, the 2-category of distributive lattices and obtain a distributive law whose components are the rL, where L is a distributive lattice. 14 6. Complete Distributivity 6.1. By DU we will understand the monad on ord constructed on DU with the help of r. Similarly, UD is the composite monad obtained with the help of l. From F&W] we recall that a (constructively) completely distributive lattice is an ordered set L for which dL has a left adjoint which has a left adjoint. We often call such L CCD lattices and a number of characterizations of these are given in RW3]. Now to say that L op is CCD is to say that uL has a right adjoint which has a right adjoint. Here we will call such an L an op CCD lattice. Classically the notions CCD and op CCD coincide but it was shown in RW1] that relative to a general elementary topos, coincidence of CCD and op CCD is equivalent to booleaness of the topos in question. We write ccd op ccd] for the 2-category of CCD op CCD] lattices, functors that preserve both sups and infs, and inequalities.
6.2. Theorem. i) ord DU = ccd ii) ord UD = op ccd Proof. It su ces to give a proof of i); that of ii) is dual to it. From Section 2. of BEK] we know that a DU-algebra is a U-algebra that carries a D-algebra structure for which the D-structure arrow is a U-homomorphism. If L is a U-algebra, that is an object of inf, it is necessarily an object of sup but its D-algebra structure, that is W : DL -L, is a U-homomorphism i W preserves in ma i W has a left adjoint i L is CCD. Of course DU-homomorphisms are just arrows that are both U-homomorphisms (inf-preserving) and D-homomorphisms (sup-preserving Lemma 6.4 is at rst surprising since both D and U are de ned in terms of direct image while both D and U are given by inverse image. Certainly, for a function f : X -A, P(Pf) 6 = 9(9f) : PPX -PPA; where P is the inverse-image power set functor and 9f is direct image (the left adjoint of Pf). 6.5. Theorem. The 2-monad arising from the 2-adjunction U a D is DU. Proof. After 6.4 we have only to check that the units and multiplications coincide. The unit for the monad on DU is the unit for the 2-adjunction U a D. We have X : X -X; ]; ] = DUX given by the familiar`evaluation' formula X(x)(T) = T(x).
In terms of subsets this translates as X(x) = fT 2 UXjx 2 Tg = fT 2 UXjT "xg = #"x = dUX(uX(x)) = (dU u)X(x) but dU u = Du d is the unit for DU. 
